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1. Fundamental and derivate quantities and units 

• Fundamental Physical quantities are those that can be directly defined, and for which the 

units are chosen arbitrarily, independent of others physical quantities.  

 

No. Fundamental Quantity Unit Symbol Dimension 

1 Length Meter  m L 

2 Time Second s T 

3 Mass Kilogram kg M 

4 Current intensity Ampere A I 

5 Light intensity Candela Cd J 

6 Temperature Kelvin K θ 

7 Solid angle Ste-radian Sr  

8 Plane angle Radian rad  

• The derivative physical quantities are those that are defined indirectly. They have the 

measurement units’ functions of fundamental units. 

If we have: 

• U = U(L, T, M, I, J, θ) 

• [U] = LαTβMγIδJεθξ 

2 The homogeneity of physical equations: 

• The physical formulas are invariant to the measurement units’ transformation. 

3 Examples: 
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3.3 Impulse: 
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3.4 Force: 
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3.5 Pressure: 
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3.6 Mechanical work: 

dsFdL ⋅=  [ ] [ ] [ ] 2222
2

2

TLMsmkg
s
mkgsFL −− ⋅⋅=⋅⋅==⋅=     [ ] J1mN1L =⋅=  (6) 

3.7 Kinetic energy: 
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3.8 Gravitational potential Energy: 
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3.9 Elastically potential Energy: 
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3.10 Power: 
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3.11 Density: 
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3.12 Angular velocity: 
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3.13 Solid angle: 
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4 Establishes into a constant approximation the formula of a gravitational (mathematical) 

pendulum, T using the homogeneity of the dimensional equations. 

R: From direct observation the physical quantities that can occur are: the length (l), mass of the 

pendulum (m), gravitational acceleration (g). 

T = k lα mβ gγ 

( ) γ−βγ+αγ−βα ⋅⋅=⇒⋅⋅⋅⋅= 21201 TMLTTLMLkT , then by identifying the upper 

coefficients: 
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5 The mass of a parachute with jumper (parachutist) is m = 100 kg, and is launched from a tower 

completely open with no initial velocity. Find the velocity expression, v(t) and the velocity 

limit if we know that the resistance force is proportional with the velocity, R = kv, where k = 

500 Ns/m. 

R: If the force is defined as: amF
rr

=  

Along vertical direction can be rewritten as: 
dt
dvmF =  

The resultant (net) force is RGF −= , then: 
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If we will replace the physical quantities with values we get: 
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For the time goes to infinity one obtains: 
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Finally the velocity expression can be written as: 
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6. A skier with the weight G descends a hill that make an angle α with the horizontal plane. The 

motion equations are x = Agt2 along the hill land y = 0, where g is the gravitational acceleration 

and A a constant coefficient. How much is the friction force between skier and snow on the hill. 

(Particular case: the skier mass m = 70 kg, angle α = 300; A = 0.1). 

R: The second principle of dynamics can be written as: 

amFRG f
rrrr

=++  

The projections along x and y axes are: 
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The component of accelerations can be calculated with the following equations: 

( )

( ) 0
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With those: 

( ) ( )[ ]A2sinGAmg2sinGFf −α=−α=  

( )[ ] ( )[ ] 0.3686.71.0230sin81.970A2sinmgFf ⋅=⋅−⋅=−α=  

N01.206Ff =  

7. A material point with mass m is moving along a trajectory given by the Cartesian components: 

( ) ( )ktcosAtx =  and ( ) ( )ktcosBty = . Characterize the force F that produces this type of motion 

if we know that the force depends only by the material point position. Give some examples. 

R: The force components along Ox and Oy axes are: 
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( )[ ] ( ) xmkktcosAmkktsinA
dt
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xxx −=−=⋅−=⋅=⇒⋅=⋅= &&&  
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The force modulus is: 

rmkyxmkFFF 22222
y

2
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where rr  is the material point position vector. 

The ratio: 
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 are the direction cosine of the force F.  

In the same time are the angles between the position vector and OX and OY axes, 

respectively. From here we can observe that the force F is anti-parallel with the position vector. 

Then the force F is pointing to the centre of the reference frame. Such a force is called 

attraction central force. 

 

8. On a body with a mass m = 2 kg are acting two forces, F1 = 3 N and F2 = 4 N, which are 

characterized by the angles α1 = 600, and α2 = 1200 respectively, with the direction of velocity 

0vr . Find the body acceleration, a, velocity, v and the distance covered into a time t = 10 s starting 

from the beginning of motion (Particular case v0 = 20 m/s). 

R: If we are considering a reference frame related to earth then the acceleration components along 

OX and OY axes are: 

( ) ( ) 22211
x s/m25.0

4
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and the acceleration modulus: 

2222
y

2
x s/m04.39.24349.18090.062503.325.0aaa ==+=+=+=  

We observe that the acceleration is constant in time (a = const), the velocity equation can be 

calculated from: 
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and the velocity modulus: 
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The velocity, vr  at time t makes an angle α cu 0vr  given by the equation: 
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In order to calculate the distance we have: 
( )

( ) ( )

( ) ( ) mattvtsattvsts

dtatvstsdtvdsdtvds
dt
dsv

s

ttts

s

352152200
2

10004.31020
22

''

2

0

02

00

0
00

0

0

0

=+=
⋅

+⋅=+=⇒++=⇒

⋅+=−⇒⋅=⇒⋅=⇒=

=

∫∫∫
 

or by components: 
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9. A tractor is traveling with a velocity of v0 = 36 km/h. If the radius of the wheel is R = 0.5 m find 

out: 

a) The parametric motion equations of a point from the external wheel circumference. 

b) The tangential velocity components and the value of velocity. 

c) The path distance by a point between two contacts with the road. 

R: a) 
s

rad20
R
vRv 0 ==ω⇒ω=  
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tcosRy
tsinRx

R
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( ) ( )
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


−=ω−=
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t20cos5.05.0tcosRRy
t20sin5.0t10tsinRtvx

R
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this is the equations of a cycloid. 

b) ( ) ( )[ ] ( )[ ]t20cos110tcos1vtcosRv
dt
dxv 00x −=ω−=ωω−==  

( ) ( ) ( )t20sin10tsinvtsinR
dt
dyv 0y =ω=ωω==  
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10. A body with a mass m = 5 kg can slide with friction on a horizontal surface if is pushed by a 

spiral spring, with an elastic constant k = 200 N/m, and which was compressed at half of his 

length l = 20 cm. Find out: 

a) the mechanical work of friction force during expansion. 

b) how much must is the friction coefficient if in the final position the spring in not 

stressed. 

R:  a) kxFe −=  

8
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11. A concrete cube with the side of a = 0.8 m and a density of 2500kg/m3 must be tipped around 

an edge. Calculate: 

a) Point of application direction and value of the minimal force needed to turn turn-over; 

b) The expression of a horizontal force that can turn-over the concrete block if this is applied 

on superior edge as function of rotation angle. 

c) The mechanical work spent for turning over the concrete block. 

R:  a) 

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
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
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=⇒
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
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
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




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( )12
2

gaW
4

−⋅
ρ

=  ( ) J48.208012
2

81.925008.0W
4

=−⋅
⋅⋅

=  

12. On an inclined plane with inclination α = arcsin(3/5) and length l = 2.1 m is rolling with no 

sliding friction an homogeneous sphere of mass m = 40 g and radius R = 10 mm. How much is 

the transversal velocity, angular velocity and frequency at the base of the plane. 

R: B,tA,t EE =  

( )α=== sinmglmghEE A,pA,t  

B,rot,kinB,tr,kinB,t EEE +=  
2

mvE
2

B,tr,kin =   2
IE

2
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ω
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2mR
5
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R
vRv =ω⇒ω=  

2
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5
7

2
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5
2

2
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vmR

5
2

2
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2
I

2
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2
2
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ω
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s
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5
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7
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7
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2
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5
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2
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s
rad2.420

01.0
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R
v

===ω  
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2
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2

=
π

=
π
ω
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13. Demonstrate that after a perfect elastic collision of two hockey pucks of the same mass, 

initially the first one being at rest, the angle between the directions of pucks is 900. How much 

are the velocities and scatter angle θ2 if the initial velocity of projectile puck is v = 40 km/h 

and θ1 = 600? 

R: 
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⇒
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
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⇒
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
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2
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2
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2
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2
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
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0
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⊥⇒=θ+θ⇒=θ+θ  

000
1

0
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( ) ( )
s
m20

2
140cosvv

v
v

mv
mvcos 11

11
1 =⋅=θ=⇒==θ  

( ) ( )
s
m64.34

2
340cosvv

v
v

mv
mvcos 22

22
2 =⋅=θ=⇒==θ  

14. On the deflection plates of a cathodic  oscilloscope 

with sensibility of 2 cm/V on both axes Ox and Oy it 

is applied simultaneously the electric voltage 

( )tU x 100cos2=  and ( )tU y 50sin4 2= . Calculate: 

i. The spot equations of motion on Ox and Oy axes. 

ii. Equation of the trajectory. 

R: a)  ( ) ( ) ( )cmt100cos4xt100cosV2
V
cm2USx

U
xS xx

x
x =⇒==⇒=  

   ( ) ( ) ( )cmt50sin8yt50sinV4
V

cm2USy
U
yS 22

yy
y

y =⇒==⇒=  

b) 
( )
( )

( )

( )
( )

( )[ ]





−=

=
⇒










−
=

=
⇒





=

=

t100cos14y

t100cos
4
x

2
t100cos18y

t100cos
4
x

t50sin8x
t100cos4x

2
 

     4yxx4
4
x14y =+⇒−=



 −=  

15. A material point execute a motion described by the equation: ( ) 





 π

+π=
2

3sin2 2 ttx . Show that 

this is a harmonic oscillatory motion. Find the amplitude and period of motion, the velocity and 

acceleration of the material point. 

R:  
( )

( ) ( )
( ) ( ) ( ) 






 π

+π+=π+=
π+π−

=⇒










α−
=α







 π

+π=

2
t6sin1t6cos1

2
t6cos12tx

2
2cos1sin

2
t3sin2tx

2

2

 

  
( ) ( )

( ) s33.0
3
1T6

T
2

2
6

1A1'x

2
t6sin1tx

tsinA'xtx

0

0

==⇒π=
π

=ω⇒








π=ϕ
π=ω

==
⇒















 π

+π+=

ϕ+ω+=
 

  ( ){ } ( ) 





 π

+ππ=ϕ+ωω=ϕ+ω+==
2

t6cos6tcosAtsinA'x
dt
d

dt
dxv 00  
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 





 π

+ππ−==
2

t6sin36
dt
dva 2  

16. A material point with the mass m = 10 g is oscillating under the law: 

( ) 5
412

cos10 2 −





 π

−
π

= ttx . Calculate: 

a. The time t1 necessary to reach the maximum velocity, and the time t2 necessary to reach 

the maximum acceleration; 

b. The maximum value of the elastic force that act on the material point; 

c. Expression of kinetic, potential and total energy. 

R:  

a)
( )

( ) ( )
( ) 






 π=−







 π

−
π

+
=⇒










α+
=α

−





 π

−
π

=
t

6
sin55

2
2

t
6

cos1
10tx

2
2cos1cos

5
2

t
12

cos10tx

2

2

 

sn6tnt
61t

6
cos

6
5v

t
6

cos
6

5
dt
dxv 11

1

max

=⇒π=
π

⇒










±=





 π

π
=

⇒





 ππ

==  

( ) ( ) s1n23t
2

1n2t
61t

6
sin

36
5a

t
6

sin
36

5
dt
dva 22

2

2

max2

+=⇒
π

+=
π

⇒










±=





 π

π
=

⇒





 ππ

−==  

b) ( ) ( )0max0e tsinFtsinkAkxF ϕ+ω=ϕ+ω−=−=  

N1037.1105
36

1010AmkAF 42
2

32
max

−−− ⋅=⋅⋅
π
⋅⋅=ω==  

c) ( ) Jt
6

cos1043.3t
6

cos
2
102510

2
tcosmA

2
mvE 26236

42222

c

2







 π⋅=






 π⋅⋅⋅

=
ωω

== −
π−

 

( ) Jt
6

sin1043.3t
6

sin
2

102510
2

tsinmA
2

kxE 262
4

36
2222

p

2







 π⋅=






 π⋅⋅⋅

=
ωω

== −
−π

 

J1043.3
2

kx
2

mvE 6
22

t
−⋅=+=  
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17. A harmonic oscillator which oscillates with the amplitude, A of 8 mm is after s01.0=τ  from 

the beginning of motion (from equilibrium position) at the distance 4 mm measured from 

equilibrium position. Calculate: 

a. oscillatory pulsation; 

b. oscillatory period; 

c. oscillatory frequency; 

d. velocity of oscillation in the given position; 

e. acceleration of oscillation in the given position. 

R: a) ( ) ( )0tsinAty ϕ+ω=  
 ( ) ( ) ( ) 00sin0sinA00y 000 =ϕ⇒=ϕ⇒ϕ+⋅ω==  

 ( ) ( ) ( ) π=ω⇒
⋅
π

=
τ
π

=ω⇒
π

=ωτ⇒=ωτ⇒ωτ===τ
3

50
01.06662

1sinsinA
2
A4y  

 b) s12.0T

3
50
22T

T
2

=⇒
π

π
=

ω
π

=⇒
π

=ω  

 c) Hz33.8
12.0
1

T
1

=ν⇒==ν  

 d) ( ) ( )

( ) sm36.0v
6

cos419.001.0
3

50cos108
3

50vtcosA
dt
dyv 3

=τ

⇒





 π=






 ⋅π⋅⋅π=τ⇒ωω== −

 

e) ( ) ( ) ( ) 2
322

s
m97.10a01.0

3
50sin108

9
2500atsinA

dt
dva =τ⇒=






 ⋅π⋅⋅π=τ⇒ωω−== −  

18. The sonic boom created by an airplane it 

is heard in the moment in which the 

direction observer–airplane makes an 

angle α = 600 with the vertical. How much 

is the airplane speed? (vs = 340 m/s) 

R: α−=θ 90  

 

Mach2
s
m6803402

2
1

340
cos

v
sin

vv
tv
tv

'AA
0Asin ss

a
a

s ==⋅==
α

=
θ

=⇒
⋅
⋅

==θ  

19. How much is the fundamental frequency of vibration of a copper wire (ρ = 8.9 kg/dm3) with 

section of 2 mm2 and the length of 1 m when is stress with a force of 17.8 daN. 
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R:  
λ

=ν⇒
ν

=λ⇒=λ
vvvT  

S
Tv

S
l
Sl

l
V

l
m

Tv

ρ
=⇒










ρ=
ρ

=
ρ

==µ

µ
=

  ;  l2=λ  

Hz50
2

100
1028900

108.17
12

1
S

T
l2

1
6 ==

⋅⋅
⋅

⋅
=

ρ
=ν −  

 

20. Calculate the wavelength value of a sound of 440 Hz in air (va = 340 m/s) and into a tram line 

(vt = 5000 m/s). Calculate the steel Young modulus if the density is (ρt = 8000 kg/m3). 

R:  cm3.77m773.0
440
340va

a ===
ν

=λ  

m36.11
440

5000vt
t ==

ν
=λ  

( ) 2
112332

tt m
N102105108vEEv ⋅=⋅⋅⋅=ρ=⇒

ρ
=  

21. In the liquid Helium (below 4.2 K) the sound velocity is 220 m/s. If we know the He density ρ 

= 0.15 g/cm3 find the compressibility modulus. Compare this result with the water 

compressibility modulus if we know that the sound velocity is 1460 m/s. 

R:  2
622

HeHe
He

He m
N1026.7220150vv ⋅=⋅=ρ=χ⇒

ρ
χ

=  

2
922

WW m
N101316.214601000v ⋅=⋅=ρ=χ  

6.293
1026.7

101316.2
6

9

He

W =
⋅
⋅

=
χ
χ  

22. By a copper wire with the length l = 160 cm and diameter φ = 1 mm is suspended a body with 

mass 10 kg. If the copper wire elongation is 2.56 mm find out: 

a. The stress, 
S
F

=σ , strain, 
l
l∆

=ε  and elastic constant, k; 

b. The Young modulus, E; 

c. How much is the inter-atomic distance if in the unstressed material is 
o

0 A2.56R = ; 
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R: a) 2
8

622 m
N1025.1

10
81.9104

d
mg4

r
mg

S
F

⋅=
⋅π
⋅⋅

=
π

=
π

==σ −  

  %16.0106.1
6.1
1056.2

l
l 3

3

=⋅=
⋅

=
∆

=ε −
−

 

  
m
N1083.3

1056.2
81.910

l
mgkmglkFF 4

3e
−

− ⋅=
⋅
⋅

=
∆

=⇒=∆=−=  

  b) 2
10

3

8

m
N108.7

106.1
1025.1EE

l
lE

S
F

⋅=
⋅
⋅

=
ε
σ

=⇒ε=σ⇒
∆

= −  

c) m10096.41056.2106.1RR
l
lR

l
l

R
R 13103

00
0

−−− ⋅=⋅⋅⋅=ε=
∆

=∆⇒
∆

=
∆ . 

23. In front of a microphone a sound has the pressure of 0.441 Pa (N/m2). How much we have to 

amplify the sound in order to reach the pain threshold, Ipain = 102 W/m2? We know the air 

acoustic impedance Za = ρc = 441 kg/m2s. How much is the pressure and the sound level? 

R: mLALAm NNNNNN −=⇒=+  

 







=

0

m
m I

Ilg10N   







=

0

L
L I

Ilg10N  

 







=








−








=⇒−=

m

L

0

m

0

L
AmLA I

Ilg10
I
Ilg10

I
Ilg10NNNN  

 








×===
ρ

=

=

−
2

4
2

a

22

m

painL

m
W1041.4

441
441.0

Z
p

c
pI

II
 

 
dB5.53N

41.4
1lg60

1041.4
10lg10

I
Ilg10N

A

4

2

m

L
A

=







=








⋅

=







= −  

24. Find the relation between the intensity of wave into an absorbed media as a function of depth 

of penetration and absorption coefficient. 

R:    
( ) ( ) ( ) x

0
0

x

0

xI

I

eIxIx
I
xIlndx

I
dIdx

I
dIIdxdI

0

α−=⇒α−=







⇒α−=⇒α−=⇒α−= ∫∫  

25. Hydrogen atom is constituted from a proton and an electron with equal electrical charges but 

opposite sign, and absolute value e = 1.6×10-19 C. In the fundamental state, the radius of electron 

first orbit around proton is r0 = 0.53×10-10 m. Calculate the attraction force between proton and 

electron. 
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R:  
( )
( )

N102.8F

1082.010
3.5
6.19

103.5
106.1109

r
e

4
1F

8
C

722389
2

2

211

219
9

2
0

2

0
C

−

−+−

−

−

⋅−=

⋅−=⋅⋅−=
⋅

⋅
⋅−=

πε
−=

 

26. What is the value of equal electrical charges, whit which two identical balls, having the same 

mass 1 kg, must be charged, if these are situated in air at 1 mm distance, and the Coulombian 

force that acts on each ball is equal in value with the ball weight into a place in which the 

gravitational acceleration is g = 9.8 m/s2. 

R: 

2
pp

2

eC r
ekF −=  2

pp

2
p

gG r
m

kF −=  

( )
( )

36

G

C

5411389
2

2

227

219

11

9

2
p

2

g

e
2
pp

2
p

g2
pp

2

e
G

C

10238.1
F
F

10
67.167.6

6.19
1067.1
106.1

1067.6
109

m
e

k
k

r
m

k
r
ek

F
F

⋅=

⋅
⋅
⋅

=
⋅

⋅
⋅
⋅

==−−= ++−

−

−

−

 

27. Two small identical spheres placed in void, having the same 

mass m = 0.1 kg are suspended from a single point with the help 

of two isolated wires, not extensible, of neglected mass and with 

the same length l = 20 cm. What is the value of the equal charges 

with which the two spheres must be charged is such way that the 

angle between the fires should be 2α = 900? The gravitational 

accelerations is considered g = 9.8 m/s2. (sin 45 = 0.707; tg 45 = 

1). 

R: 2

2

eC d
qkF −=  

mgG = α= sinl2d  

ee

2

2

e
C

k
2

tggm

2
sinl2

k
2

tggm
dq

mg
d
qk

G
F

2
tg

α
⋅⋅α

⋅=

α
⋅⋅

=⇒==
α

( ) ( )
9

0
0

109
45tg8.91.045sin2.02q

⋅
⋅⋅

⋅⋅=  64 1095.210
90

198.0707.04.0q −− ⋅=⋅
⋅

⋅=  

C1095.2q 6−⋅=  
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28. Calculate the dependence of electrical field intensity and 

electrical potential on the center of a sphere having the 

electrical charge uniform distributed in the entire volume. The 

total charge is denoted by Q and the sphere radius by R. 

R: a) r < R; 

0

iQsdE
ε

=⋅∫Σ
rr

0

iQdsnE
ε

=⋅⋅⇒ ∫Σ
rr

0

i2

0

i Qr4EQsdE
ε

=⋅π⋅⇒
ε

=⋅⇒ ∫Σ
r

 

3
r4

Q

3
R4

Q
V
Q

3
i

3 π
=

π
==ρ  Q

R
rQ 3

3

i =⇒  

3
0

3

3

0

2

R
r

4
QEQ

R
r1r4E

ε⋅π
=⇒

ε
=⋅π⋅

rr
 

dr
dVVE −=−∇=

r
 

( )

( ) ( ) ( ) ∫∫∫ ⋅
ε⋅π

−=−⇒⋅−=⇒⋅−=
r

0 3
0

r

0

rV

0V
dr

R
r

4
Q0VrVdrEdVdrEdV '''  

( ) ∫ ⋅
ε⋅π

−=
r

03
0

drr
R
1

4
QrV ''  ( )

2
r

R
1

4
QrV

2

3
0ε⋅π

−=  ( ) 3

2

0 R
r

8
QrV
ε⋅π

−=  

b) r > R; 

0

iQsdE
ε

=⋅∫Σ
rr

 
0

iQdsnE
ε

=⋅⋅⇒ ∫Σ
rr

0

2

0

Qr4EQsdE
ε

=⋅π⋅⇒
ε

=⋅⇒ ∫Σ
rrr

 2
0r4

QE
πε

=
r

 

dr
dVVE −=−∇=

r

( )

( )
⇒⋅−=⇒⋅−=⇒ ∫∫

r

R

rV

RV
drEdVdrEdV '  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
R4

Q
r4

QRVrV
r
1d

r4
QRVrV

dr
r
1

r4
QRVrVdr

r4
QRVrV

00

r

R2
0

r

R 22
0

r

R 2
0

πε
−

πε
=−⇒








πε
=−

⋅
πε

−=−⇒⋅
πε

−=−

∫

∫∫

'

'
'

'
'

 

( )
r4

QrV
0πε

=  

29. Calculate the electric field intensity at a 

distance a from a rod, uniformly charged with a 

total charge Q. 
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R: 2
0 r

dQ
4

1dE
πε

=  α⋅== sindE2dE2dE yt  
r
a

=αsin  

dl
dQ

l
Q
==λ  dxdldQ λ=λ=  222 xar +=  

( )∫∫∫∫
+πε

⋅λ
=

πε
⋅λ

=⇒
λ

πε
α=

2l

0
2322

0

2l

0
3

0
t

2l

0
2

0

E

0
t

xa
dx

4
a2

r
dx

4
a2E

r
dx

4
12dE

t

sin  

( )( ) ( ) ( )
( ) ( )

( ) ( )
dx

xa

adx
xa

xxa

dx
xa

x1
xa

1dxx2xa
2
1xxadxxaxd

2
3

2
3

2
1

2
3

2
1

2
1

22

2

22

222

22

2

22

222222

+
=

+

−+
=









+

−
+

=⋅+





−++⋅=+

−−−

 

( )

4
la

l
la

Q
4

1

4
la

2l
a4

12

xa
x

a4
12

xa
xd

a4
12

xa
dxa

a4
12E

2
20

2
20

2l

0
22

0

2l

0
22

0

2l

0
2322

2

0
t

+
⋅πε

=

+

λ
πε

=










+

λ
πε

=








+

λ
πε

=
+

⋅λ
πε

= ∫∫
 

22
0

t
la4a2

Q
4

1E
+πε

=  

30. Let’s consider a coaxial cable constituted from 

two conductors having the radius a and b, with a < 

b. Use the Gauss theorem to determine the 

dependence of electrical field intensity and electric 

potential from the coaxial cable axes. Calculate the 

coaxial cable capacity. The cable length is labeled 

by l is charged with an electrical charge q. 

 

 

 

R: a) r < a; 

0

iQsdE
ε

=⋅∫Σ
rr

0E0sdE
0

=⇒
ε

=⋅⇒ ∫Σ
rrr

 

dr
dVVE −=−∇=

r
constV0dVdrEdV =⇒=⇒⋅−=⇒  
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b)  r > b; 

0

iQsdE
ε

=⋅∫Σ
rr

0E0sdE
0

=⇒
ε

=⋅⇒ ∫Σ
rrr

 

dr
dVVE −=−∇=

r
constV0dVdrEdV =⇒=⇒⋅−=⇒  

c)  a < r < b; 

0

iQsdE
ε

=⋅∫Σ
rr

0

iQdsnE
ε

=⋅⋅⇒ ∫Σ
rr

0

iQdsnEdsnEdsnE
321 ε

=⋅⋅+⋅⋅+⋅⋅⇒ ∫∫∫ ΣΣΣ

rrrrrr
 

0

i

0

i Qlr2EQsdE
ε

=⋅π⋅⇒
ε

=⋅⇒ ∫Σ
r

 

l
Q

L
Q i==λ

r
1

l2
QE

r2
Ellr2E

000 επ
=⇒

επ
λ

=⇒
ε
⋅λ

=⋅π⋅⇒  

dr
dVVE −=−∇=

r

( )

( )
⇒⋅

επ
−=⇒⋅−= ∫∫

b

a
0

bV

aV
dr

r
1

l2
QdVdrEdV '

'
 

( ) ( ) ∫ ⋅
επ

=−
b

a
0

dr
r
1

l2
QbVaV '

'
 ( ) ( ) 








επ
==−

a
b

l2
QUbVaV

0

ln   

( ) ( )r
l2

QrV
0

ln
επ

=







επ

==

a
b
l2

U
QC 0

ln
 

31. Use the Gauss theorem to calculate the expression of a 

plane capacitor capacity. 

R: 

0

iQsdE
ε

=⋅∫Σ
rr

0

iQdsnE
ε

=⋅⋅⇒ ∫Σ
rr

0

i
SSS

QdsnEdsnEdsnE
l21 ε

=⋅⋅+⋅⋅+⋅⋅⇒ ∫∫∫
rrrrrr

 

0

i
SS

Q0dsEdsE
21 ε

=+⋅+⋅⇒ ∫∫
0

i
S

QdsE2
1 ε

=⋅⇒ ∫

0

i
1

QSE2
ε

=⋅⇒ ;  
1

i

S
Q

S
Q
==σ ;  1i SQ ⋅σ=  

00

1
1 2

ESSE2
ε
σ

=⇒
ε
⋅σ

=⋅⇒  
0

C E2E
ε
σ

==  

dx
dVVE −=−∇=

r
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( )

( )
⇒⋅−=⇒⋅−= ∫∫

b

a

bV

aV
drEdVdxEdV '   ( ) ( ) ( )abEbVaV −=−  

( ) ( ) dEUbVaV ⋅==−  d
S

QdU
00

⋅
⋅ε

=⋅
ε
σ

=   
d

S
U
QC 0 ⋅ε
==  

32. Apply the Ampere’s law to Calculate the magnetic induction a) at a distance r from an 

infinitely long conductor b) and inside of an infinitely long solenoid (coil). 

R: a) 
r2
IBIr2BIdlBIldB 0

00
C

0
C π

⋅µ
=⇒⋅µ=π⋅⇒⋅µ=⋅⇒⋅µ=⋅ ∫∫

rr
 

b) ⇒⋅⋅µ=⋅+⋅+⋅+⋅=⋅µ=⋅ ∫∫∫∫∫ INldBldBldBldBIldB 0

a

d

d

c

c

b

b

a
t0

C

rrrrrrrrrr
 

In
l

INBINlB

INdlBIN000ldB

0
0

0

0

b

a
0

b

a

⋅⋅µ=
⋅⋅µ

=⇒⋅⋅µ=⋅

⇒⋅⋅µ=⋅⇒⋅⋅µ=+++⋅ ∫∫
rr

 

 

 

 

 

 

33. Two electric currents I1 = 5 A and I2 = 10 A of the same sense are flowing through two parallel 

conductors, situated at a distance d1 = 20 cm one from each other. Calculate: 

a) The force per unit length with which the two conductors are mutually attracting; 

b) Calculate the mechanical work per unitary length spend to move the conductors at distance 

d2 =30 cm one from each other. (µ0 = 4π×10-7 H/m). 

R: a) ⇒







⋅π
⋅µ

=

⋅⋅=

1

10
1

2112

d2
IB

LIBF
⇒⋅⋅

⋅π
⋅µ

= LI
d2
IF 2

1

10
12

⇒
⋅π
⋅⋅µ

=
1

21012

d2
II

L
F

 

m
N10510

22
54

10202
105104

L
F 55

2

7
12 −−

−

−

⋅=⋅
⋅
⋅

=
⋅⋅π

⋅⋅⋅π
=  
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34. An electric current with I = 10 A is flowing through a straight line 

infinite long conductor which is placed in the plane of a rectangular frame 

parallel with two of his sides, like in the figure. We know the a = c = 20 

cm and b = 30 cm. Calculate: a) the magnetic flux through the rectangular 

frame; b) the force that acts on each side of the frame; c) the total force 

that acts on the frame when through this a I’ = 5 A electric current is 

passing through. What is the sense of this electric current to observe an 

attraction force? 

R: a)  

∫∫∫∫∫
+++Φ

⋅
π

µ
⋅=⋅

π
µ

⋅=⋅⋅=Φ⇒⋅=Φ⇒⋅=Φ
ac

c

ac

c

ac

cS r
drIbdr

r
IbdrbBSdBdSdBd

22
' 00

0

rrrr
 

Wb104.15888
20
40

2
3010104

c
ac

2
bI 7-

7
0 ⋅=






⋅

π
⋅⋅⋅π

=





 +

⋅
π
⋅µ

=Φ
−

ln.ln  

 b) ∫∫∫
β

α
αβ

β

α

⋅⋅=⇒⋅⋅=⇒⋅⋅=
αβ

dlBIFdlBIdFdlBIdF
F

0

'''  

N106.93147
20
40

2
510104

c
ca

2
IIdr

r2
IIFF 6

7
0

ca

c

0
3412

−
−+

⋅=





⋅

π
⋅⋅⋅π

=





 +

⋅
π
⋅µ

=⋅
π
µ

⋅=−= ∫ lnln''  

( ) N107.5
40
30

2
105104

ac
b

2
IIdr

ac2
IIF 6

7
0

b

0

0
23

−
−

⋅=⋅
π

⋅⋅⋅π
=

+
⋅

π
⋅µ

=⋅
+π

µ
⋅= ∫

''  

N1051
20
30

2
105104

c
b

2
IIdr

c2
IIF 6

7
0

b

0

0
41

−
−

⋅=⋅
π

⋅⋅⋅π
=⋅

π
⋅µ

=⋅
π
µ

⋅= ∫
''  

 c) ( )

N
a
bIIF

a
abII

acc
abII

c
b

ac
bIIFFF

FFFFF

6
7

0

2
000

4123

41342312

105.7
20
30

4
105104

4
'

22
'

2
'

2
'

−
−

⋅=⋅
π

⋅⋅⋅π
−=⋅

π
⋅µ

−=

⋅⋅
π
⋅µ

−=
+

⋅⋅
π
⋅µ

−=



 −

+
⋅

π
⋅µ

=−=

+++=
rrrrr

 



21 
 

35. The electric current intensity that flow through a conductor is time dependent according to the 

following law: I(t) = 2+3t+t2. Calculate: 

a) The electric charge that pass through circuit during the time from t1 = 2 s to t2 = 5 s. 

b) The electric current intensity of a constant current, which leads to the same amount of 

electrical charge in the given time. 
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36. The wave function associated with a particle which describe the quantum behavior inside of an 

box with infinite walls is: ( ) 





=Ψ x

a
nAxn
πsin , where a is the box width. Using the 

probabilistic interpretation of the wave function and the atemporal Schrödinger equation 

calculate: a) the normalization constant; b) the particles energy for a = 2 Å, m = 9.1×10-31 kg 

and n = 1, 2, 3, … 

R: a) The normalized probability is mathematically given by: 

1=∫ dP  and using the relation ( ) dxxdP 2Ψ=  (Copenhagen interpretation of wave function) 
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37. An atom from a Si crystalline network can be considered as a quantum particles inside a 

potential field of elastic forces ( ) 2/2kxxU =  which oscillate with the frequency ν = 2.5×1013 

Hz. The wave function in fundamental state is ( ) 2xAex α−=Ψ . Use the Schrödinger equation to 

calculate: a) the constant α and b) the particles energy if the atom mass is m = 38.2 × 10-28 kg. 

R: a) ( ) 2xAex α−=Ψ  
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The expression of energy of quantum oscillator is: 
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38. A particle of mass m = 10-28 kg is described by the wave function: ( ) ( )kxtiAetx −−=Ψ ω, , with the 

normalization constant A = 105 (m1/2), ω = π1015 (rad/s) and k = π1010 (m-1). Applying the 

quantum mechanical operators calculate the particles: energy, momentum (impulse), 

kinetically and potential energy. 
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